Plants respond to nitrogen availability by changing their root : shoot ratios. One hypothesis used to explain this allocation is that plants optimize their behaviour by maximizing their relative growth rate. The consequences of this hypothesis were investigated by formulating two models for root : shoot allocation, with and without explicit inclusion of maintenance respiration. The models also took into account that relative growth rate is a linear function of plant nitrogen concentration. The model without respiration gave qualitatively reasonable results when predictions were compared with observed results from growth experiments with birch and tomato. The explicit inclusion of maintenance respiration improved considerably the agreement between prediction and observation, and for birch was within the experimental accuracy. Further improvements will require additional details in the description of respiratory processes and the nitrogen uptake function. Plants growing under extreme nutrient stress may also optimize their behaviour with respect to other variables in addition to relative growth rate.
INTRODUCTION
It is a standard assumption in plant ecology that plants respond to their environment in such a way as to optimize their resource use (e.g. Bloom et al., 1985) . One expression of such an optimization is the allocation between shoots and roots in response to nutrient availability. In general, when nutrient availability increases, plants allocate relatively less to their roots, which is consistent with a resource optimization hypothesis as increasing nutrient availability means that less effort is required to acquire this resource. Exceptions to this rule, when K, Mg or Mn are limiting (Ericsson, 1995) , can be recast into the resource optimization hypothesis. De®ciencies of these elements lead also to a shortage of carbohydrates, which signi®es to the plant that the allocation to light acquisition is sub-optimal.
Several models have been developed to explain the mechanisms behind the root : shoot allocation (see reviews by Wilson, 1988; A Ê gren and Wikstro Èm, 1993; Cannell and Dewar, 1994) . All models are based on a carbon balance, but some additional constraints are required. Two general routes can then be followed. First, some plant property is optimized, which, in practise, always turns out to be the relative growth rate (Johnson and Thornley, 1987; Hilbert, 1990; Thornley, 1995) . Secondly, a sink strength depending either on nitrogen concentration (A Ê gren and Ingestad, 1987; Ingestad and A Ê gren, 1991) or on carbon and nitrogen substrate concentrations (Thornley, 1972 (Thornley, , 1995 (Thornley, , 1998 ) is added. The problem with the latter group of models is that they require phenomenological formulation of plant properties (nitrogen productivity, substrate utilization rates or transport rates) and, therefore, only show consistency between plant properties without explaining them in terms of some underlying principle. Formulations derived by maximizing the relative growth rate give, in general, qualitatively satisfactory results but quantitative tests seem to be lacking. One reason for this is the problem of independently estimating all the necessary parameters required for testing the predictions; in particular the relationship between net assimilation rate and plant nitrogen concentration has to be speci®ed.
In this paper, a relationship between the shoot fraction (f S ) and plant nitrogen concentration (c N ) will be derived by maximizing the relative growth rate. The problem of the arbitrariness in the relationship between assimilation rate and plant nitrogen concentration will be avoided. Instead the strong empirical, linear relationship between relative growth rate and plant nitrogen concentration (A Ê gren and Wikstro Èm, 1993) will be used to derive the assimilation rate as a function of plant nitrogen concentration. The ®nal relationship, f S (c N ), will then have only one or two free parameters that will be adjusted when comparing predictions with experimental results.
MATERIALS AND METHODS
For simplicity, a plant consisting of only a shoot biomass and a root biomass will be considered. The total dry mass of the plant is W, its nitrogen content N, the shoot fraction f S , the carbon assimilation rate per unit shoot mass A, and the uptake rate of nitrogen per unit root mass U. Due to the constancy of carbon concentration in plant biomass, dry weight increase equals carbon assimilation Q a constant factor included in A. It is further assumed that respiratory losses are proportional to plant nitrogen content (Ryan et 1996; Cannell and Thornley, 2000) . The growth rate and the nitrogen uptake rate are then
where r is the respiration rate per unit of nitrogen. A list of symbols is given in Table 1 . For plants with balanced growth (constant exponential rates), the relative growth rate R W = (dW/dt)/W and the relative nitrogen uptake rate R N = (dN/dt)/N must be equal. Applying this to eqns (1) and (2) gives
where c N = N/W is the whole-plant nitrogen concentration. Equation (3), for r = 0, is identical to the expression derived by Hilbert (1990) . We can use eqns (1) and (3) to express the relative growth rate in terms of assimilation rate, uptake rate and plant nitrogen concentration
However, the assimilation rate is also a function of the plant nitrogen concentration (e.g. Field and Mooney, 1983) . On the other hand, the uptake rate of nitrogen can be expected to be more dependent on the environmental supply of nitrogen than on plant properties and it will, therefore, be assumed that it is independent of the plant nitrogen concentration. For a plant that optimizes its performance by maximizing its relative growth rate through adjustment of its nitrogen concentration, and thus also its root : shoot ratio, the result is
which gives
To proceed, some relationship between A and c N could be assumed. However, such assignments would be rather arbitrary (e.g. A Ê gren and Ingestad, 1987) . Instead A will be calculated by utilizing the strict relationship between relative growth rate and nitrogen concentration that exists through the nitrogen productivity, P N (e.g. A Ê gren, 1985, 1996) .
where c Nmin is the minimum nitrogen concentration in the plant required for growth. Equation (8) is only valid for nitrogen-limited plants, but this is the only domain of interest in this paper. Combining eqns (7) and (8) gives
Equation (9) can be solved exactly for two special cases: (A) r = 0 and (B) c Nmin = 0. In case (A), the differential equation in eqn (9) can be solved with the substitution y = Ac N to give
where c A > 0 is an integration constant. The integration constant c A , which also has absorbed a P N , plays the role of a scale factor for the concentration. It should be noted that the integration constant depends on external factors such as light and temperature and will change when factors that alter P N change. Finally
In the second expression for f S , the explicit dependence on P N has disappeared and all effects of other variables, apart from plant nitrogen concentration, are included in the integration constant c A . When c Nmin /c A <0´1, eqn (11A) can be simpli®ed with an error of less than 10 % for most values of c N to
In case (B), the substitution A = yc N leads to the solution
where c B is another integration constant, which also, in this case: enters a scale factor, and
11B which for r/P N <1/4 can be approximated with an error of less than 10 % with
12B
In the limits of r = 0 and c Nmin = 0, cases (A) and (B) are the same, except that the integration constants are slightly different.
The net assimilation rate per unit shoot mass (NAR W ) is related to A through
Examples of net assimilation rates and shoot fractions as functions of plant nitrogen concentrations are given in Fig. 1 . These ®gures show that the qualitative behaviour of the results agrees with general knowledge. The lack of an effect of increasing light on allocation for case (A) and the increasing allocation to shoots with increasing P N in case (B) in Fig. 1 have to be interpreted with caution because the same value for the integration constants has been used for all curves.
COMPARISON WITH DATA
The prediction of allocation was tested against growth data for tomato (Lycopersicon esculentum) (Ingestad et al., 1994a; de Groot et al., 2002) and birch (Betula pendula) (Ingestad et al., 1994b) . These studies were performed at different light intensities and using different relative addition rates of nitrogen, but otherwise under constant environmental conditions. This led to a time series of steady-state growth. For any given light intensity and relative addition rate of nitrogen, the plant nitrogen concentration and shoot fraction remained stable during the whole experimental period, in spite of increases in plant size by more than a factor of 20. for birch and 0´05 g g ±1 for tomato, respectively (Table 2) . Ideally, c A and c B should have been estimated from measurements of the A ± c N curve, but such data were not available. In all cases a parameter value of r = 2 g d. wt (gN) ±1 d ±1 was chosen, which was somewhat higher than Cannell and Thornley (2000) estimated from the work of Ryan et al. (1996) .
RESULTS
The comparison between experimental results and predictions is shown in Fig. 2 . It is clear that case (A) fails to give a satisfactory agreement for both species. The agreement between experimental data from Ingestad et al. (1994a, b) and predictions using eqn (11B) is good for birch, while the observed root : shoot ratio is less¯exible than predicted for tomato. The importance of the intercept c Nmin is also much smaller for birch than for tomato. Another observation is that at the lowest nitrogen concentrations, corresponding to low relative growth rates (less than 0´05 d ±1 for birch and 0´10 d ±1 for tomato), the experimental root : shoot ratios respond differently to plant nitrogen concentration than at higher nitrogen concentrations. Moreover, birch and tomato behave differently. Birch shows a rapid decrease in the shoot fraction whereas tomato, contrary to expectations, shows an increase in the shoot fraction. With birch, there is also a region of high nitrogen concentration with no response in root : shoot ratio. A part of this region is possibly involved in the uptake and storage of excess nitrogen not required for immediate physiological use. The increasing allocation to shoots in tomato at the lowest plant nitrogen concentrations is, at least partly, associated with an increased allocation to stem growth at the expense of leaves. Table 2 ). The comparisons between experimental results and predictions are shown in Fig. 3 . The ®t to the observed assimilation rate is quite good for case (A) but for case (B) there is a tendency towards too high values at low plant nitrogen concentrations. The predictions for this experiment with tomato also show too high a¯exibility in allocation, except for case B at low light.
DISCUSSION
The behaviour of the allocation response to nitrogen availability is in good agreement with general observations (Ingestad et al., 1994b) and tomato (Ingestad et al., 1994a) . Open symbols represent experiments with low relative addition rates of nitrogen. Solid symbols (circles, squares, triangles, inverted triangles and diamonds) represent faster growing plants at ®ve different light intensities (5, 11, 22, 30 and 39 mol m ±2 d ±1 ) for birch and (3, 6, 10, 18 and 23 mol m ±2 d ±1 ) for tomato.
for birch. For tomato, the general behaviour is as expected but not entirely satisfactory quantitatively. It would be easy to adjust the assimilation curve (Fig. 3) to the experimental data by replacing c with c ± c Nmin in eqn (10B). This would still leave the relative growth rate as an almost perfectly linear function of plant nitrogen concentration. Such a substitution is, however, contrary to the spirit of this paper as it is pure curve ®tting. Moreover, it does not improve the behaviour of f S . There are several options for improving the agreement between prediction and observation. It should be noted that the plants are suf®ciently small that self-shading is not a problem. The simpli®cation of dividing the plants into only roots and shoots should be acceptable as leaves constitute generally more than 80 % of shoots of fast-growing plants, and changes in allocation in response to light are small. However, in the experiment on tomatoes by Ingestad et al. (1994a) , there is a large shift in the allocation between leaves and stems where the leaf fraction of the shoot decreases from 85±90 % at high nitrogen concentrations to about 60 % at low nitrogen concentrations. For larger plants, the subdivision into only roots and shoots is an oversimpli®cation.
The considerable improvement when an explicit respiratory term is included indicates that there might be additional possibilities for improving the models for allocation by adding additional respiratory costs. However, maximizing the relative growth rate may not be the correct optimization criterion. This could explain the problems at the lowest growth rates where plants may be adapted to optimize properties other than relative growth rate. At higher growth rates, this is less likely to be a problem but the assumption of a constant uptake rate per unit root biomass must be challenged. However, replacing the constant U requires a model of the interaction between roots and the nutrientsupplying medium that is lacking. Such a model seems necessary before better descriptions of allocation can be made. Ingredients of such a model must probably take into account the extent to which the nutrient supply is replenishment-limited or concentration-limited (Rastetter and Shaver, 1992 ).
An interesting aspect of the results is that there seems to be no shift in allocation as a response to light availability, although such results are standard (e.g. Cannell and Dewar, 1994; Canham et al., 1996) but are not always observed (e.g. Shipley, 2000) . It is suggested that the explanation for this is that the shoot fraction has been expressed as a function of plant nitrogen concentration and that when analysed in this way there is little effect of light on allocation. Indeed, when Canham et al. (1996) plotted root fractions as functions of plant nitrogen concentrations instead of as functions of light intensity, the effects of light disappeared and it turned out that the effect of light was to change the nitrogen concentration. It is expected that most observations of decreased allocation to shoots when light is increased can be explained in this way. An increase in light will increase carbon assimilation and if this is not accompanied by a similar increase in nitrogen supply, the plant nitrogen concentration will decrease along with the allocation to the shoot. However, this is only an indirect effect of a change in light intensity; the driving force for the change in allocation is the change in nitrogen concentration (Ingestad and McDonald, 1989; De Pinheiro Henriques and Marcelis, 2000) . A Ê gren et al. (1999) have made a similar observation with respect to the interaction between carbon dioxide and nitrogen.
One particular point is that the shoot fraction cannot decrease below 0´5 when c Nmin = 0. The value 0´5 is also a lower limit for case (B), which is obtained when r = 0. Experimental evidence indicates also that root biomass rarely exceeds shoot biomass (e.g. A Ê gren and Ingestad, 1987; Baxter et al., 1994; Canham et al., 1996; Bolinder et al., 1997; Ryser et al., 1997; McConnaughay and Coleman, 1998) . These studies represent seven tree (coniferous and hardwood) species, three old-®eld annuals, four cereals and six grass species grown under a range of experimental conditions. Two models have been used to investigate how different aspects could modify the response of root : shoot allocation to nitrogen availability. Although the two models give quantitatively differing results, qualitative effects are lacking. This indicates that the general approach is robust and that improving the predictability of root : shoot models requires other approaches. It should also be noted that, if we add a respiratory cost for growth of about 25 % of net growth (cf. Cannell and Thornley, 2000) , the total respiration is about 50 % of gross assimilation for birch but somewhat lower for tomato. This is a level that is considered an average value for most plants (Waring et al., 1998) . The approach described here has, compared with other models, the advantage that it requires only a small number of parameters which are relatively easy to estimate experimentally. For this reason, it has been possible to test the predictions of the model against experimental data, which has indicated where improvements in root : shoot models might be required. The linear relationship between relative growth rate and plant nitrogen concentration imposed in eqn (8) closely resembles the slightly curved relationship derived by Hilbert (1990) , but seems more dif®cult to reproduce with other approaches (cf. Ingestad and A Ê gren, 1991) .
In conclusion, it has been shown that a functional equilibrium approach (Brouwer, 1983) where the relative growth rate is maximized can serve as a basis for describing root : shoot allocation. However, this approach may not be valid for plants growing under extreme conditions of high or low nutrient availability. Moreover, to have quantitatively correct root : shoot allocations it seems necessary to have a better understanding and formulation of how plants regulate nitrogen uptake and plant respiration. The focus on the partitioning of mass rather than other functional attributes can also lead to inappropriate optimization criteria (Reich, 2002) .
